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Abstract 

Using the hybrid formahsm, superstrings in four-dimensional NS-NS plane waves 
are studied in a manifest supersymmetric manner. This description of the superstring 
is obtained through a field redefinition of the RNS worldsheet fields and defined as 
a topological = 4 string theory. The Hilbert space consists of two types of repre- 
sentations describing short and long strings. We study the physical spectrum to find 
boson-fermion asymmetry in the massless spectrum of the short string. Some massive 
spectra of the short string and the massless spectrum of the long string are also studied. 
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1. Introduction 



Plane-wave backgrounds are exact string vacua and provide examples of string theories 
in non-compact curved space-times. These backgrounds are obtained by taking the Pen- 
rose limit of AdS spaces and have attracted much attention in the study of the AdS/CFT 
duality beyond the supergravity approximation^ Despite much progress on this subject, 
the analyses performed so far do not respect whole supersymmetry of these backgrounds. 
The superstring in R-R plane waves has been quantized in the light-cone gang or us- 
ing a non-covariant formalism.^ Only a part of the supersymmetry is linearly realized in 
these formulations. For superstrings in NS-NS plane waves, on the other hand, we can 
use the Ramond-Neveu-Schwarz (RNS) formalism for covariant quantization in which, how- 
ever, the space-time supersymmetry is not manifest. The manifest supersymmetry is not 
always necessary, but it is desirable to make transparent any cancellations coming from the 
supersymmetry. 

In this paper, we study four-dimensional superstrings in NS-NS plane waves in terms of 
the hybrid formalism that was developed in Refs. ^ and [Tj) and has been applied to several 
compactified string theories.l^ This description of the superstring is obtained through a 
field redefinition of the RNS worldsheet fields and manifestly preserves all isometries of the 
background, including supersjTiimetry. 

Strings in NS-NS plane waves are described by the Nappi-Witten (NW) model,!^ which 
is the WZW model on the group manifold H4 generated by the four-dimensional Heisenberg 
algebra, 

[V,V*]=J^. (M) 

The Hilbert space of the NW model consists of two distinct representations, discrete (types 
II and III) and continuous (type I). The model has a spectral flow symmetry and all flowed 
representations must also be included.^''^ The spectrally flowed discrete representations 
are regarded as describing short strings localized in the space transverse to the plane wave. 
The flowed continuous representations define long string states propagating in the whole 
four-dimensional space. This structure is similar to the spectrum of the string in AdSs,^ 
which in fact is obtained by taking its Penrose limit .1^ 

The RNS superstring in this background is described by superconformal field theories 
of the type H^^x M., where H^^ denotes the super NW model and M. is represented by an 
arbitrary N = 2 unitary superconformal field theory with c = 9^^ This Ai sector represents 
a Calabi-Yau compactification if we project into the integral sector of the U{1)r charge Im,o- 
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However, it was found in Ref. Ej) that the string vacua have enhanced supersymmetry if we 
apply a generahzed GSO projection that restricts the total U{1)r charge to integer values, 
while fractional Im,o is allowed. We adopt this weak GSO projection throughout. 

The hybrid superstrings in NS-NS plane waves are related to the RNS superstrings by 
a field redefinition of worldsheet fields. We show how to carry out a redefinition from RNS 
fields to hybrid fields making all the space-time supersymmetry manifest. The model can be 
formulated as an = 4 topological string theory.!^ 

Next, we examine the physical spectrum at several lower mass levels. We find that the 
massless spectrum of the short string has boson-fermion asymmetry, which is allowed without 
breaking supersymmetry. There are two massless bosons without fermionic partners. This 
fact is made evident by the manifest supersymmetry. Some massive spectra of the short string 
and the massless spectrum of the long string are also studied in a manifestly supersymmetric 
manner. 

This paper is organized as follows. In ^ we begin with a brief review of the super-NW 
model in the RNS formalism. The space-time supercharges are given in a form satisfying 
the conventional supersymmetry algebra. Hybrid worldsheet fields are introduced in ^ 
through a redefinition of the RNS worldsheet fields. The model is then reformulated as 
a topological = 4 string theory. In §31 we construct the Hilbert space of the hybrid 
superstring using hybrid fields. This space consists of two sectors representing short and long 
strings, respectively. The physical spectrum is studied in ^ It is found that the massless 
spectrum of the short string has boson-fermion asymmetry. The results are summarized 
with some discussion in ^ 

§2. RNS superstrings in NS-NS plane waves 

A description of RNS superstrings propagating in four-dimensional NS-NS plane waves 
is provided by superconformal field theories of the type x Ai^^ Here, denotes the 
super-NW model described by the super WZW model on the four- dimensional Heisenberg 
group. The Hilbert space of this model is constructed from representations of the H4 su- 
per current algebra*^ generated by bosonic H4 currents, {J, F, P, P*), and their worldsheet 
superpartners, {iIjj,iIjf,4'p,4'p*)- 

P(w) P*(w) 



z — W . . . . z — 

1 , T^.^^^...^ 1 



P{z)P*{w)^- - + ^^, J{z)F{w 



wy z — w' {z — wy' 



We consider only the holoniorphic sector in this paper. It can be easily combined with the anti- 
holomorphic sector if necessary."^ 
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?/'p(z)V'P*(w) , ijj{z)tljF{w) , 

z — w z — w 

2; — w 2; — w 

P(zUp*(w) ~ V^p(^)P*(w;) ~ (2-1) 

z — w 

Representations of this algebra are easily obtained by using a free-field realization,^ 

J = idX-, F = idX+, 

p = e'^^iidZ + -^+1^), P* = e-'^^{idZ* -ip+ip*), 
iPf = iP^, ^j = ^-, ^P = e'^''^, ^p,=e-'''^r, (2-2) 

where operator products of free fields are defined by 

X+{z)X-{w) ~ Z{z)Z*{w) ~ -\og{z-w), 

ij^{z)ij-{w) ~ ip{z)ij*{w) —. (2-3) 

z — w 

The zero modes of bosonic currents provide generators of the space-time symmetry (jl-lj) : 
V= (f if-e*^^ {idZ + ^+^), V* = I —e-'^* {idZ* - ^+^*). (2-4) 



27ri / 2Tii 

The = 1 worldsheet superconformal symmetry is actually enhanced to = 2, which 
is generated by 

Th^ = -dX+dX- - dZdZ* - ^tp^dij- - ^ip'di:^ - ^ipd^j* - ]^ip*di), 
Gjj^ = '^+idX~ + i)idZ\ = tlj~idX+ + %l)*idZ, 

iH, = ^^i^- (2-5) 

The model has central charge c = 6, which is the same that for a superstring in flat four- 
dimensional space-time. 

The A4 sector is represented by an arbitrary unitary representation of = 2 rational su- 
perconformal fleld theory with c = 9. We denote the generators of this N = 2 superconformal 
symmetry by (Tm,G%,Im)- 

In order to covariantly quantize the RNS superstring, fermionic ghosts {b, c) and bosonic 
ghosts 7) must be introduced. These superconformal ghosts satisfy 

c{z)b{z) ~ -f{z)/3{w) ~ 7-^' (2-6) 
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and have = 1 superconformal invariance generated by 

= -2bdc - dbc - ^(3dj - 
GgH = lf3dc + d(3c-2lrf. (2-7) 

The physical Hilbert space is defined by the cohomology Tiphys = KerQeRST /IiuQbrst of the 
BRST charge 

Qbrst = / + I'^sh^ +l(Gm + ^Ggh^ ^ , (2-8) 

where 

Tm = + Ta4, Gm = Gjj^ + G + Gj^ + Gj^. (2-9) 

Then, we bosonize the worldsheet fermions and the U{1) current in the Ai sector as 

^+^- = idHo, tfjtp* = idHi, (2- 10a) 

Im = -V3idH2, (2- 10b) 

where the bosons Hj{z) (/ = 0, 1, 2) satisfy the standard OPEs: 

Hi{z)Hj{w) ~ -5u\og{z-w). (2-11) 

The superconformal ghosts are also bosonized bjP^ 

c = e'^, h = e-\ 



/3 = e-^d^ = 9x6"'^+^, (2-12) 

with 

(f){z)(f){w) ~ — log(2; — w), 

a{z)a{w) ~ ~ +log(2; - w). (2-13) 

Here, it is important that because the zero-mode ^0 is not included in these formulas, the 
Hilbert space of the original bosonic ghosts 7) is different from that of the bosonized 
fields {4>,^,ri) [or (0,x)]. The former (latter) is called the small (large) Hilbert space T^smaii 
("^^large)- This exteusiou of the Hilbert space is essential to realize the supersymmetry. 
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In order to obtain a supersymmetric spectrum in the RNS formalism, we must impose a 
GSO projection, which guarantees the mutual locality of space-time supercharges. If we use 
the weak GSO condition 

h = Ih,,o + Im,o e Z, (2-14) 
the model has the enhanced supersymmetry generated by the following four superchargesP 

^(.-^(.i{-Ho±{H^-V3H2)) (2-15) 

27ri ■ ^ ^ 



The subscript "(— |)" indicates that these operators are given in the — | picture, which is 
generally read from the eigenvalue of the operator 

n = j —{i'n-d<p). (2-16) 

We note that these supercharges form a peculiar algebra, due to the infinite degeneracy 
of pictures. This algebra is equivalent to supersymmetry only in the on-shell physical am- 
plitudes. We change the picture for two of the supercharges, (Q7_~i„ Q^'iJ, to +^ so that 
the conventional supersymmetry algebra may hold without any condition:*^ 

% = / ^ {QBRST,ee-^e-^%^(^-(^.+v/3^2))} ^ 



dz 



= ^ — ^r;6ei'^+5(-^o+{Hi-v^H2)) _ ^^^-g|--i(-Ho~(//i-v^H2)) 

+ ^aZe^"^(^°+(^l+^^2^) - G'_;^e2+^("-^«+(^i+^^2)) | . (2-17) 



*' Rigorously speaking, the relative signs between terms in the explicit forms (|2-17() are not fixed without 
specifying the cocycle factors, which are usually omitted. This fact makes practical calculations difficult, 
although it is often fixed by the Lorentz covariance of the result. This complexity disappears in the hybrid 
formalism, and this is actually one of the important advantages of the hybrid formalism. 
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Since we do not consider supercharges in other pictures, we simply write {Of^u, Qfi^) = 
(Q^"*", Q^^) in the rest of this paper. These picture-changed supercharges together with 
()2-4|) generate the supersymmetry algebra for the NS-NS plane waves|^ 

[J,V]=V, [j,v*] = -P\ 

[V,V*] = J^, 

[Q-+,V] = [Q^-,V*] = Q-, 

{ Q- } = -F, { Q+- } = -J, 

{Q++,Q+-} = P, {Q-^,Q-}=V*. (2-18) 

Before closing this section, it is useful to reconsider physical state conditions in the RNS 
formalism. Although the physical states are defined by the BRST cohomology in Tismaih we 
must extend it to Tiiarge to carry out a field redefinition to hybrid fields because, as mentioned 
above, Tismaii is not sufficient to realize the space-time supersymmetry. Therefore, we must 
generalize the physical state conditions to 

QbrstIV^) = 0, 

+ m = Qbrst\A), 

r]o\ij)=Vo\A) = 0, (2-19a) 

where lip), \ A) G Tiiargc- In addition to these cohomology conditions, we require that the 
physical states have ghost number one, i.e., 

Qghl^) = \^), (2-19b) 

counted by the charge*^ 

/dz 
— {cb-^T]). (2-20) 

The conditions given in ()2-19|l have a natural interpretation as a topological = 4 string 
theory. We describe this interpretation below. 

Let us note that there is the hidden twisted N = 4 superconformal symmetry generated 

by 



T — Tm + Tg] 
BRST, 



G+ = J, 



This definition of the ghost number is related to the famihar one, Nc = § ^(c6 — 7/3), through the 
relation Qgh = Nc — TZ. The difference between the two definitions is a constant in a given picture. 
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G- =b, G+ = T], G~ = iT~h {Qbrst, O + 
/++ = r/c, /- = I = ch- ^7], (2-21) 

in Tiiarge- The physical state conditions (j2-19ap and the ghost number condition ()2-19b|) can 
be written in terms of these = 4 generators as 

G+|V^) = 0, 6\ij)=Gt\A), (2-22a) 
W) = (2-22b) 
G+|^) = G+|/l)=0, (2-22c) 

which can be naturally interpreted as physical state conditions in the topological = 4 string 
theoryP Because 770-cohomology is trivial, we can always solve Eq. (|2-22c|) by {ip) = G^\V) 
and \A) = Gq\A^) to rewrite ()2-22|) in the more symmetric forms 

G^G^\V)=0, (2-23a) 
5\V) =G^\A-) + G^\A-), (2-23b) 
Io\V) = 0. (2-23c) 

In this paper, we call the condition (|2-23a|) the equation of motion and the condition ()2-23b|) 
the gauge transformation, using the standard terminology in string field theory. These 
conditions will be used to study the physical spectrum in ^ 

§3. Hybrid superstrings in NS-NS plane waves 

In this section, we develop the hybrid formalism for superstrings in NS-NS plane waves. 
We first introduce hybrid fields by finding a field redefinition from RNS fields, which allows 
the whole space-time supersymmetry to be manifest. We rewrite worldsheet superconformal 
generators using these new fields to formulate the model as a topological = 4 string theory. 

As explained in the previous section, the basic fields of the super NW model are free 
fields, {X"^, Z, Z*,ilj'^,ip,'ilj*), and superconformal ghosts, (6, c, /3,7). We add to them the 
boson H2 coming from the U{1) current (j2-10bjl in the sector, which we need to define 
the supercharges ()2-15|) . Although the bosonic fields {X^, Z, Z*) are common to the hybrid 
formalism,*^ the remaining fields must be rearranged to obtain the basic fields in the hybrid 
formalism. Describing these fields in terms of the six free bosons {Hq, Hi,H2, 0, with the 

*•' These bosons are not exactly the same in the two formahsnis, but they are related by the similarity 
transformation H3-6|l . 
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help of the bosonization formulas ()2-l()|l and ()2-12j) . we carry out the linear transformation 
defined by 

0++ = -^Ho + '-Hi + '-^/3H2 - ^0 + X + a, 

% % % 3 
= ^i/o - ''-Hi + ^ - -0 + X + f^, 

p = V^H2 + 320 — 2ix — icT, 
H2 = H2 + V3t(j) - V3ix, (3-1) 

and then define fermionic fields as 

r"' = e"^-', paa' = e-"^""', {a, a' = ±) (3-2) 

which satisfy 

^°-'(z)p^^,H~^^. (3-3) 

The basic fields of the hybrid superstrings are finally defined by Green-Schwarz-like fields 
with an additional boson: (X^, Z, Z*, 9°"^\paa' p)- The U{1) boson in the Ai sector is also 
modified to H2, which requires modifications of the superconformal generators to (T^k, /»), 
uniquely determined by the change of the U{1) current 



-V3tdH2. (3-4) 



We note that these new generators completely (anti-)commute with the hybrid fields. 
The space-time supercharges (12 -1511 are written in terms of these hybrid fields: 



M h 

Q+- = j - idX-e+- + idZe— - e-'^e^+G-^ . (3-5) 

However, these supercharges are not symmetric. This leads to a complicated hermiticity 
property of hybrid fields.^ These fields are chiral coordinates in the sense that two of the 
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supercharges, and Q^^ , are simple superderivatives, p and p+_ (except for factors of 

g±«x+^ In order to obtain symmetric supercharges and hybrid fields with proper hermiticity, 
we must further carry out a similarity transformation generated by 

u= ([ — I - e-'fe++e-+Gi, + -idx+e++e— + -idz*e++e+- 

J 2ni y ^'2 2 

+ ]^idx~d+-e-+ + Udze-+e— + h)-+e++d{e—e+-) \ . (3-6) 

In fact, the space-time supercharges (j3-5|l have the symmetric forms 

Q++ = / I p__ + UdX+9++ 

J 2m \ 2 

+ -{idz - e+-p__)e-+ + -9(r+^++)^+- 

2 8 

+ \{i8z' + e-+p++)9+- - \8(e—e*-)e- 

2 o 

Q-+ = I ^( _ -idx-9-+ + -idz*e++ - -d{e-+e++)e- 

J 2Tci \ 2 2 8 

Q+- = (p_^ - Udx-e^~ + \idze-- + \d{e-e+-)e^A (a-r) 

J 2m \ 2 2 8 J 

after the similarity transformation. 

We can also rewrite the topological = 4 superconformal generators ()2-2ip using the 
hybrid fields. The N = 2 subalgebra is first given by 

T = -dX+dX- - dZdZ* - + ^dpdp + ^id^p + fM + ^OTm, 



G- = e'^ + ^d^9—e+- + ^9—d^9+- - ^d^{9—9^-)^ + G^, 

I = idp- V3idH2, (3-8) 

where 

d__ = p__ - -tdX+9++ - -idZ9-+ + -9-+9++d9+- - -d{9-+9++)9+- , 
^ 2 2 4 8 ^ ^ 
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d+_ = p+_ + -idx-9-+ - -idz*d++ - -e-+e++de— + -d{d-+d++)d~-, 

+ y+ ^ 2 4 8 ^ ^ ' 

d++ = P++ - -idX+9— - -idZ*9+- - -e—d+-de-+ + -d{d— d+-)d-^ , 
2 2 A 8 

d-+ = p_+ + -idx-e+- - -idze— + -e—e+-de^+ - -d{e—e+-)e++ (3-9) 

2 2 4 8 

are local currents of supercovariant derivatives. It is also useful to introduce the bosonic 
supercovariant derivatives as 

2 2 

n- = idx- - -e++de— + -de^+e—, 

2 2 

Uz = idz - -d++dd+- + -dd++d+-, 

2 2 ' 

ni = idz"" - ^0-+de— + ^89-^0—. (3-10) 

These supercovariant derivatives and 89°'"' form a closed superalgebra: 

d (z)d++[w) ~ , d (z)d_^(w) ~ , 

z — w z — w 

/ X , / N n%(w) , , , , , , n~(w) 

d++(z)d+(w) d+(z)d^+(w) 

z — w z — w 

n+{z)n-{w)r^ , ^ nz{z)n*z{w) ^ 



2' 



(z — w)'^' {z — w) 

, / / X d9++(w) , , , 9r+M 
d_^{z)n-{w) d__{z)n*z{w) 



z — w z — w 

d++(z)i7 {wj , d++{z)nz{w) 

z — w z — w 

d^M)n+{w) d^jz)nz(w) ^ 



z — w ^ z — w 

d.,[z)n-{w) d.Az)n*zM - -^^llM. (3.11) 

z — w z — w 

We note here that these supercovariant derivatives are supercovariant only in the sense that 
they (anti-)commute with two of the supercharges, 

It can be shown that the complicated forms of in ()3-8p can be rewritten as 

= e ''^^d — (i+-x + 
G- = e'^^d_+d++^ (3-12) 

by introducing the new normal ordering ^ with respect to the currents daa'- The generators 
()2-2H) of the topological = 4 superconformal symmetry are then given by 

T = -8X+8X- - 8Z8Z* - Paa'89''''' + \8p8p + \i8^p + f^i + \8Tm, 
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G —e ^^^d — (i^-^+G^^, 
G = e*''x'^_+(i++^ + Gj^^, 

J++ _ gip-V3iH2 J-- _ ^-ip+V3iH2 

I = idp-V3idH2. (3-13) 

Physical states are defined by the conditions (|2-23p using the zero modes Gq, Gq and Iq of 
these generators. The supercharges (j3-7|) (anti-) commute with them. This guarantees the 
physical spectrum to be supersymmetric. 

Finally, we rewrite the picture counting operator ()2-16p interpreted in the hybrid formal- 
ism as the R-charge operator: 

^ = / ^ (^^p - + d-^p-+ - o-p- - d^-p+-?j ■ (3-14) 

This is useful to determine whether each component of the superfields is a space-time boson 
or fermion. The field with (half-) integral R-charge is a space-time boson (fermion), because 
it comes from the NS-(R-)sector in the RNS formalism. 

§4. Spectral flow and the Hilbert space of the hybrid superstring 

Now we study the Hilbert space of the hybrid superstring. Using the hybrid fields, the 
H4 currents are realized as 

J = idX-, F = idX+, 

P = e'^''{idZ -e+-p__), P* = e-'^^{idZ* + e-+p++). (4-la) 

We can extend this H/^ current algebra to a superalgebra, which is an analog of the super 
current algebra ()2-l|) . by introducing the space-time supercoordinates (and their conjugates) 

Q±± ^ e±^x+Q±±^ ^ e^^^+p±±, (4- lb) 

together with an extra U{1) current, idp. The Hilbert space of the hybrid superstring is 
constructed from representations of this current superalgebra. We can expand these currents 
as 



J{Z) = J2 JnZ-''-\ F{Z) = J2 FnZ-''~\ 
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p( A 




P*( ■y\ 




n 
n 




e^^{z) 


n 




idp{z) 







-n-l 



(4-2) 



where the mode operators satisfy the superalgebra 



n+mi 



Prr 

\p o~ 

\P* 6)+ 

{'S'n^, i'P±±)m} = 5n+m,0, 

[Pn^ Pm] = ~^Sn+m,0- 



-a; 



0" + 



[Jni Pm\ Pn+mi 

[Jn, {'P±±)m] = T{,'P±±)n+m, 

[-^n; ("^H — )m] ("^ )n+my 

[P:, = -(n+)n+n^, 



(4-3) 



Because the hybrid fields provide the free field realization ()4-l|) . we can easily obtain the 
representations of this superalgebra ()4-3p . As in the H4 (super) current algebra p^''^'^ the 
only non-trivial point is the existence of the spectral fiow symmetry; i.e., the superalgebra 
()4-3|) is preserved by the replacement 



J n 
Pn 
n 

Pn 



Jni 
p 

^ n+pi 
Pn, 



Fn 

p* 

n 

{V±±)n 



Fn +P5nfl, 



p* 

n—p, 



{'P±±)n^p, 



(4-4) 



for any integer p eZ. The Hilbert space contains all spectrally flowed representations clas- 
sified into two types, describing short and long strings.^ 

4.1. The Hilbert space of short strings 

The Hilbert space of short strings in the hybrid formalism include all spectrally flowed 
type II representations,'^ (0 < 77 < 1) deflned by 



Mj,v,pJ) =j\j,V,PJ), 



Fo\j,V,PJ) = {v+P)\j,V,PJ), 
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Jn\j,V,P, 

{'P±^)n\j,V,P, 
{'P++)n\j,V,P, 

(P__)„|j,r/,p, 
Po\j,V,P, 



) = {I -v)\j,v,pJ), 



0, 
0, 
0, 
0, 
0, 



{n > 0) 
(n > —p) 
(n > 0) 
[n > p + 1] 
(n > —p) 



Fn\j,V,P, 
Pn\j,V,P, 
On^\j,V,P, 
On^\j,V,P, 
^n' \j, V, P, 
Pn\j,V,P, 



0, 
0, 

0, 
0, 
0, 
0, 



(n > 0) 
{n > p) 
{n > 0) 
{n > —p — 1] 
{n > p) 
{n > 0) 



(4-5) 



where / = 0, ±1. The po eigenvalue is fixed so that the supercurrents in ()3-13|) are periodic 
and a unique representative is selected from infinitely degenerate states whose existence is 
due to the pictures. 

The explicit representations are easily constructed in terms of the hybrid fields by noting 
that the transverse fields {Z, Z* ,6^^ ,p±±) satisfy the twisted boundary conditions: 



idZie'^^'z) = e-^^'^^idZiz), idZ*{e'^'z) = e'^^'^idZ* (z) 



e^^ie^'^'z) 



P±±{e^'''z) 



(4-6) 



Then, the hybrid fields can be expanded as 



idZ{z) =^Z, 

n 

e^^{z) = Y,ot^'^z-\ 

n 



n—rj—l 



idz\z) = Y,K- 



-n+rj—l 



P±tKz) 



-71-1 



P±±{z)=J2(P±±)nTV^~''^''\ 



(4-7) 



where the oscillators satisfy the canonical (anti-)commutation relations 

[a+, a;;] = nSn+m,0, [Zn+'n, Zl,_^] ={n + r])Sn+m,0, 

n+m,0) 



(4- 



The fiowed type II representations are simply realized as Fock states of these oscillators 
(and pn) on the ground state 



«o \V,P,GJ) =j\v,P,^J), 
ai\v,p,ej) = 0, in>0) 

Z„+^|r/,p,6>,/) = 0, (n>0) 



(^o\v,P,0,l) = {r] + p)\ri,p,e,l), 



Z:_,^\r],p,e,l) = 0, (n>0) 



14 





d 

= \r],p,e,l)—, 
uu 


\v,p,gJ) 


= \v,p,GJ)0, 


in ilr^TJ Ti f) J\ 


d 


f)~~^\n n ft ]) 


— \n n ft 1)0 




= 0, {n> 0) 


e^^hP,o,i) 


= 0, {n> 0) 


{p++)n-ri\r],p,e,l) 


= 0, {n> 0) 


^ntvl^^P, ^J) 


= 0, {n> 0) 


{P~-)n+rj\V,P,^,l) 


= 0, {n> 0) 


On-v\V,P, GJ) 


= 0, (n > 0) 


Po\v,P,0, 1) 


= (/ - T])\r],p,e,l), 


Pn\v,P,dJ) 


= 0, (n > 0) 



(4-9) 



where we have diagonahzed zero modes {= P^) and 6'^^, and denoted their eigenvalues 
by p = {iiP) and 6 = {6,6). The short string states are obtained by multiplying the Fock 
states by a superfield ft) on which ^ and ^ act. Because Z and Z* do not have zero 
modes, the short string is localized and cannot reach infinity in the transverse space. 

The total Hilbert space is obtained as the tensor product of this Fock space and unitary 
representations describing the sector. Because an arbitrary unitary representation of the 
N = 2 super conformal field theory is characterized by dimension A and U{1) charge Q, we 
can formally define a unitary representation by 



Lo,A^|Z\,g) = A\A,Q), 

%,m\^.Q) = Q\AQ)- 

The short string is represented by Fock states on the ground state 

\r,,p,e,l-A,Q) = \v,P,0,l) ® \A,Q). 
For later use, we note that this ground state has the following eigenvalues: 

Lo\v,P,0J;AQ) = [{v + p)j -l{l-v){l-v + ^) 

+ A-^Q- ir/(l - r^)) \r], p, 6, 1; A, Q), 



Io\v,P,0,l;A,Q) = {l-7] + Q)\7],p,ft,l;A,Q), 

1\ 1 



n\v,P,ej;A,Q) = \7],p,ftJ;A,Q) I 



d__-d_ 
2\d9 09 



(4-10) 



(4-11) 



(4-12) 
(4-13) 
(4-14) 



where the constant terms in ()4-12|l and ()4-14|l are easily derived by using the bosonization 
()3-2|) . The f/(l) charge condition ()2-23cp together with the Iq eigenvalue ()4-13|) requires that 
the charge Q of the short string be fractional. 
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4.2. The Hilbert space of long strings 

The long-string Hilbert space is given by spectrally flowed type I representations (77 = 
0).ESJ Mode expansions are easily obtained by setting rj = in the previous expressions, 
except for the transverse coordinates {Z, Z* ,6^^ ,p±±) having additional zero-modes. The 
Fock vacuum is defined by 





"0 |p, q, 0,6,1) 


■ 1 ^ /~i i\ 

= 3\p, q,o,o,i). 


aQ\p,q,0,0,l) 


= p\p, q,o,o,i). 






= 0, {n> 0) 










Zo\p,q,0, 0,1) 


= q\p,q,o,o,i). 


Z*\p,q,6,0,l) 


= q*\p,q,o,o,i). 




Zn\p,q,6, 0,1) 


= 0, (n > 0) 


Zl\p,q,6,0,l) 


= 0, 


{n > 0) 




-)o\p,q,o, 0,1) 


d 

= \p,q,0,0,l)—, 
06 


e+'\p,q,e,o,i) 


= \p, 


q, 0,0,1)6, 


{p- 


+)o\p,q,o, 0,1) 


~ d 

= \p,q, 0,0,1)-^, 


e,+\p,q,6,0,l) 


= \p. 


q, 0,0, 1)6, 


{p±T)n\p,q,o, 0, I) 


= 0, {n> 0) 


e^^\p,q,e,o,i) 


= 0, 


{n > 0) 


{p~ 


~)o\p,q, 0,0,1) 


- d 

= \p,q,o,o,i)—., 

o9 


0o'\p,q,o,o,i) 


= \p. 


q, 0,0, 1)6, 




+)o\p, q, 0, 0,1) 


~ d 

= \p,q,o,o,i)—, 

09 


e++\p,q,6,0,l) 


= \p. 


q, 0,0, 1)1 


{p- 


~)n\p,q,o, 0, 1) 


= 0, {n> 0) 


e--\p,q,e,o,i) 


= 0, 


{n > 0) 


{p+ 


+)n\p,q,0, 0,1) 


= 0, {n> 0) 


9^+\p,q,6,0,l) 


= 0, 


{n > 0) 




po\p,q,o, 0,1) 


= l\p,q,O,0,l), 


Pn\p,q,0,0,l) 


= 0, 


{n > 0) 



(4-15) 

where q = {q, q*) and = {6, 6) are the additional zero modes. The coefficient superfield in 
this sector is a function of the zero modes {p, q, 0, 0). The long strings can freely propagate 
in the four-dimensional space {X^, Z, Z*). 

The long string is represented by Fock states on the ground state 



\p, q, 0, 0, 1; A, Q) = \p, q, 0, 0, 1) ® \A, Q), 
having the following eigenvalues: 

Lo\p, q, 0, 0, 1; A, Q) = {pj + qq* - U{1 + 1) + A - ^Q)\p, q, 0, 0, 1; A, Q), 



Io\p, q, 0, 0, 1; A, Q) = {1 + Q)\p, q, 0, 0, 1; A, Q), 
nip, q, 0, 0, 1- A, Q) = \p, q, 0, 0, l;A,Q)(l + U6 



d ~d 



2\ 86 86 



6t-6t 
86 86 



(4-16) 

(4-17) 
(4-18) 
(4-19) 



The U{1) charge condition ()2-23c|) together with the Iq eigenvalue ()4-18|) leads to the result 
that the long string must have integral Q. 
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§5. Physical spectrum 



In this section we study the physical spectrum at lower mass levels explicitly. We concen- 
trate on the states whose A4 sector is composed of (anti-)chiral primary states characterized 
by Z\ = -i^. Then we solve the physical state conditions ()2-23|) . 

5.1. Physical states in the short string sector 

We first examine physical states at mass levels N = 0, t], 1 — rj in the short string sector. 
It can easily be shown that it is sufficient to study the / = 1, cases, since there is no physical 
state with po-momentum / = — 1 at these levels. The U{1) charge condition ()2-23cj) and the 
chirality condition = yield Z\ = — ^ = |(1 — r^) for the I = 1 case and A = ^ = ^ for 
the I = case. 

Let us start by considering the oscillator ground state = with / = 1, given by 



\v) = \i)^^^\p,e). (5-1) 

We denote here the state ()4-lH) with Z = 1 by |1) and use this abbreviation in this subsection 
for simplicity. A half of the supersymmetry is realized on the coefficient superfield ip''-^) by*^ 

The superscript "(|)" of the coefficient superfield indicates that its first component has R- 
charge |, which can be read from Eq. ()4-14|) . The physical state conditions ()2-23|) lead to 
manifestly supersymmetric conditions on the superfield: 

£,£)^(^) = 0, (5-3a) 

= ^yl(l), (5.3b) 

where yl^^-* is an arbitrary gauge parameter superfield and supercovariant derivatives are 
defined by 

The conditions ()5-3|l can be easily solved by choosing an appropriate gauge as 

= ^0(o)(p,j = 0). (5-5) 

The physical component (p^^^ is a space-time boson and is identified with the tachyon-like 

state obtained in Ref. E)). The solution ()5-5j] also shows that there is no fermionic massless 

The other half is a part of the DDF operators discussed in These operators relate the states with 
different masses. 
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physical state; i.e., the physical spectrum has boson- fermion asymmetry. This is only possible 
for the massless {j = 0) state, on which the supercharges ()5-2|) anti-commute. 
For the oscillator ground state with I = 0, 

\V) = m^-'^\p,e), (5-6) 

physical state conditions are provided by 

DD^^--2^ = 0, 

= Dyl(-i), (5-7) 

and the solution has a form similar to ()5-5|) : 

ip(-h) = e(f)^^\p,j = 0). (5-8) 

The massless boson 0'-°^ has no fermionic partner and is identified with the graviton-like state 
obtained in Ref. E)). 

Next, we consider two massive cases, N = rj and l — rj. General states at the level N = t] 
are expanded in three Fock states as 

\v) = {n}).,m(^~-^\p,o) + + r-|/)H«(p,0). (5-9) 

Because we use a supercovariant basis created by ((i7|)_j,, 6'Z~), the coefficient fields 

are superfields; i.e. their supersymmetry transformations are generated by the supercharges 
()5-2j) . The equations of motion for the / = 1 case can be written 

D (^DS^^^ +7]^^^^^ = 0, 
D (^S(^) - (p + Ti)D^^'^^^ + ((p + r])i + T]) = 0, (5-10) 

with the gauge transformations 

5^(1) = -ry/lW. (5-11) 

Choosing the = S^^^ = gauge, the physical state is described by an anti-chiral super- 
field satisfying D\P^^^ = and the on-shell condition {{p + f])j +r])\P^^^ = 0. The anti-chiral 
superfield has the explicit form 

^{^) = ^(|) + Q^{o) _ leoj^ih)^ (5.12) 
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containing one boson, 0*^°-*, and one fermion, ifj^^K 
For the case / = 0, the equations of motion 

D(H(°)-(p + ^)<l>(°)) =0, 
{p + 7])DD$^°^ +7]D^^-^^ + [D,D] = {{p + 7])j + 7])<P^^\ 

{p + ■q)D [pE^^^ + ?7lZ^(-5)^ = ((p + r})j + r}) E^^^ (5-13) 

and the gauge transformations 

5^(0) = (p + ^)^J7(-^) (5.14) 

can be solved by choosing ^^~h'> — gauge as 

S(o) = + (5-15) 
3 

The physical state is identified with an unconstrained superfield satisfying the on-shell 
condition {{p + rf)] + r]) = 0. 

We can easily repeat the above analysis to study the physical spectrum at the level 
N = 1 — Tj. The states at this level are generally 

\v) = {nzU+r,m^^-'^\p,d) + {d..).,^,\i)$^^-'\p,d) + ett^\i)E'^^-'\p,d). (5-16) 

For I — l-i the equations of motion and the gauge transformations are given by 

D - {p + r])D^^^^^^ = 0, 
(p + r])DD$^^^ + (1 - r])D^^^^ - [D, D] S^^^ = ((p + r])j + 1 - r^) 

(p + r])D (l>S(°) + (1 - r^)'Z^(^)) = ((p + r))j + 1 - 77) , 

D - (p + r7)^(°)) = 0, (5-17) 

and 

= (p + ?7)L>r(5), (5-18) 
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respectively. The physical state is given by an unconstrained superfield 'P^^^ satisfying 
((p + v)j + ^ ~ v) '^^'^^ = 0- The superfield can be gauged away, and S^^^ is expressed 
in terms of 

We can also solve the physical state conditions for / = 0, 

D (^S^-^^ - (p + r])D^^-^^^ + {{p + r])j + I - r]) l^^"^) = Q, 

D {dE^-^^ + (1 - r7)<^(-^)) = 0, (5-19) 



and 



SS^-^^ = -{l-r])A^-^\ (5.20) 



in terms of a chiral superfield 2) satisfying 



{{p + ri)j + l-ri)^^-^2'> = 0. (5-21) 



The explicit form of this chiral superfield is 



= ^(-|) + ^0(0) + l^^j^(-l). (5.22) 

In short, the physical spectrum at these massive levels contains two types of multiplets, 
(anti-) chiral and unconstrained. The latter is reducible and decomposes into two (chiral and 
anti-chiral) multiplets. 

5.2. Physical states in the long string sector 

In the long string sector, we examine only the ground state with A = Q = 0. The U{1) 
charge condition ()2-23cp leads to / = 0, and therefore the state is given by 

\V) = \p,q,d,e,0;0,0)V^'\p,q,d,d). (5-23) 

The physical state conditions become 

{dDDD - DDDD^ = 0, (5-24a) 
5^(0) = + DbA^^\ (5-24b) 
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where the supercovariant derivatives in this sector have the forms 

91-1- - d I I ~ 
D = — + -j9- -q*e, D = ^ + -j9- -q9, 
dd T 2^ ' dQ T T ' 

d 1-1- - d 1-1 
D = ^--Ve- -qe, D = ^--p9- -q*e. (5-25) 

de 1 2^ Q~Q 2^ 2^ ^ ^ 

The conditions ()5-24j) are essentially the same as those for the four-dimensional vector mul- 
tiplet. In the WZ gauge, 

V =-99A+ - -eOA^ + -99A + -99A* 
2+2 2 2 



+ 999X - 999\ + 999X - 999X + 9999V, (5-26) 
the equations of motion ()5-24a|l lead to the Maxwell equations 

+ jA+ + qA* + - lipj + = 0, 
1 1 

-p{pA^ + jA+ + qA* + q*A) - -{pj + qq*)A+ = 0, 

1 1 

-q*{pA_ + jA+ + qA* + q*A) - -{pj + qq*)A* = 0, 

^q{pA_ + jA+ + qA* + q*A) - ^{pj + qq*)A = 0, (5-27) 
the massless Dirac equations 

{q*l~fX)=0, {pX + qX) = 0, 

(gA-jA)=0, {pX + q*X)=0, (5-28) 

and T> = for the auxiliary field. The massless spectrum of the long string is thus the vector 
multiplet in the four-dimensional free- field space {X^, Z, Z*). 

§6. Summary and Discussion 

In this paper, we have studied four-dimensional superstrings in NS-NS plane-wave back- 
grounds using the hybrid formalism. This description of the superstring has been obtained 
through a field redefinition of the worldsheet fields in the super-NW model.l^ Because we 
have adopted a weak GSO projection that restricts only the total U{1)r charge to integer 
values, the model has enhanced supersymmetry, which is manifest in the hybrid formalism. 
The Hilbert space consists of two sectors, describing short and long strings, and including 
all the spectrally flowed representations of types II and I, respectively.^'^ Then, we stud- 
ied physical states to find boson-fermion asymmetry in the massless spectrum of the short 
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string. There are two massless bosons, called tachyon-like and graviton-like in Ref. but 
no fermionic partners. We have also identified massive physical states at the levels N = rj 
and 1 — 7] in the short string sector and massless physical states in the long string sector. 
The massless physical spectrum of the long string is the vector multiplet freely propagating 
in the four-dimensional space (X^, Z,Z*). 

The massive physical states obtained by solving the physical state conditions are also 
created by acting with the DDF operators 



V^=i ^e<T^)^' (^^Z-( ^] 9^-p_ 
J 27n \ \P + vJ 

/ 27rz \ 2 



+ 2 - [j^ ) ^ ) ^ - fiO-OnO-^ 1 , (6-1) 

on the massless physical states.!^ These operators include V = Vp, V* = Vlp, Q^^ = Q%p 
and generate an affine extension of the supersymmetry algebra (j2-18jl : 

\p + vJ \P + Vj 

[J, = Qt\ [J, Qn-] = Qn-, 

\p + vJ \P + VJ 

\p + v J Kp + v J 

{Q+-,Q++}=n,, {Q-\Q--}=v:. (6-2) 

This extended supersymmetry algebra provides an enhanced space-time symmetry. This 
symmetry is obtained by taking the Penrose limit of A/" = 2 superconformal symmetry, 
being the isometry of the AdS^ x 5*^ background.*^ It is interesting to trace this limit by 
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studying hybrid superstrings in AdS^ x S*^. Such an investigation is currently underway, and 
it will be reported elsewhere.^ 

The above-mentioned boson-fermion asymmetry in the short-string spectrum does not 
exist in the RNS formalism, because there are two additional physical states in the Ramond 
sector.*) However, this nonequivalence of the physical spectrum does not give rise to a 
tree-level inconsistency, because the extra RNS fermions are also supersymmetry singlets. 
It would be interesting to give an interpretation of this new spectrum, although we have 
to further check the modular invariance of the one-loop partition function for quantum 
consistency. 

It would also be interesting to understand general aspects of the holographic duality in 
plane wave backgrounds.'^'^ This will require further investigation. We hope that the 
manifest supersymmetry in the hybrid formalism will shed new light on such problems. 
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